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Abstract 
The new concept of M-stIuctures is used to unify and generalize a. 
number of concepts in Hadamard matrices including 'Nilliamson matri-
ces, Goethals-Seidel matrices, \Vallis-Whiteman matrices and general-
ized quaternion matrices. The concept is used to find many new sym-
metric Williamson-type matrices, both in sets of four a,nd eight, and 
many new Hadamard ma.trices. We give as corollaries "that the exis-
tence of Hadamard m<l.trices of oiders 4g and 4h implies the existence 
of an Hadamard matrix of QJ;der 8gh" and "the existence of 'vVilliamson 
type matrices of orders u and to implies the existence of 'Williamson type 
matrices of order 2utr". This work generalizes and utilizes the work of 
Masahiko Miyamoto and Mieko Yamada. Lists of odd orders < 11)1)0 for 
which Hadamard and Williamson type matrices are known are given. 
1 Definitions and Introduction 
For the definitions used in this paper, and for detailed proofs, we refer the reader 
to [47]. 
2 M-structures 
An orthogonal matrix of order 4t can be divided into sixteen (16) txt blocks 
Mij . This partitioned matrix is said to be an M-structure. If the orthogonal 
matri.''{ Can be partitioned into sixty-four (64) s x s blocks M'j it will be called 
a 64 block 1I-structure. 
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An Hadamard matrix made from (symmetric) Williamson matrices WI, W2, 
W3 , vV ... is an M-structure with 
WI = Mll = Mn = A133 = M44 , 
W2 = Ml2 = -M21 = M34 = -M43, 
W3 = Ml3 = -Mal = -M24 = M42 , and 
W4 = M14 = -M41 = M 23 = -M32 . 
An Hadamard matrix made from four (4) circulant (or type 1) matrices AI, A2, 
A 3 , A... of order n, where R is the matrix which makes all the Ai R back-circulant 
(or type 2), is an M-structure with 
At = Mn = M22 = Ma3 = M44 , 
A2 = Ml2R = -M21R = RMl'... = -RMTa, 
Aa = M13R = -M31R = -RMl... = RMJ;, and 
A4 = M14R = -M4IR = RM!'a = -RMJ;. 
The next theorem and corollary are easy to prove using M-structures. 
Theorem 1 Suppose there are T-matrices of order t. Further suppose there is 
an OD(4sj Ul," ., un) constructed of sixteen circulant (or type 1) s x s blocks on 
the variables Xl, ... , xn . Then there is an ODe 45t; tUI, ... ,tun)' In particular 
if there is an ODe 45; S, S, 5, 5) constructed of sixteen circulant (or type 1) s x s 
blocks then there is an OD( 4st; st, st, st, st). 
Corollary 2 Suppose the T-matrices are of order t. Then there are orthogonal 
designs OD(20t; St, St, St, St) and OD(36tj 9t, 9t, 9t, 9t). 
Conjecture 3 There exists an OD( 4tj t, t, t, t) for every positive integer t. 
vVe also conjecture 
Conjecture 4 There exists an M-structure OD(4t;t,t,t,t) for every t _ 1 
(mod 4) comprising sixteen circulant or type 1 blocks. 
3 Some properties of certain amicable 
orthogonal matrices 
We use the following three lemmas proved in [47]. 
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Lemma 5 Suppose there exist two amicable (0,+1, -1) matrices U, V of order 
u satisfying UUT + VVT ~ (2u - l)I. Then there exist matrices A, B, D of 
order u satisfying 
AAT + BBT ~ BT B + DT D ~ (2u - 1)1 
AT = (_I)J("-')A,nT = (-l)l("-')n, 
where A and D have zero diagonal. 
Lernrna 6 Let q + 1 be the order of a conference matrix. Then there e . ..ost four 
matrices C1 , C2 , C3 , C4 , of order t(q - 1) satisfying 
CIC'[ + C2cj = C3cj + c4C1 = qI - 21, 
eC[ = eC[ = e, ecl = ecI = 0, 
cICl- C2C[ = 0, cr = Cl , C[ = c4, Cl = c2, 
where e is the 1 x !(q-1) matrix of ones, C1 and C4 have zero diagonal elements 
±1, C2 and C4 have elements ±1. 
Lernrna 7 Suppose there exist two amicable (0, +1, -1) matrices U, V of order 
u satisfying UUT + VVT = (2u -1)[. Further suppose U has zero diagonal and 
U, V have other elements +1 or -1. Then there exist matrices A, B of order 
u - 1 satisfying 
AAT + BBT = (2u -1)lu_1 - 21u_1 , 
eAT = e, eBT = 0, ABT = BAT, 
where A has one zero element per row and column and the other entries of A 
and B are ±1. Further if U and V are symmetric (or skew-type respectively) 
then A and B are symmetric (or skew-type respectively). 
Furthermore if U and V satisfy UUT + vvr = 2u1 (U, V are (1, -1) 
matrices), u even, tben there exist matrices A, B of order u - 1, with entries 
±l, satisfying 
AAT +BBT = 2uIu_1-2Ju_ 1, 
eAT = e, eBT = e, ABT = BAT, 
and if U and V are symmetric (or skew-type respectively) then A and B are 
symmetric (or skew-type respectively). 
4 A multiplication Theorem using M-structures 
Theorem 8 Let N = (Nij), i, j = 1,2,3,4 be an Hadamard matrix of order 
4n of M-structure. Further let Iij, i,j = 1,2,3,4 be 16 (0, +1, -1) type 1 or 
circulant matrices of order t which satisfy 
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(i) Tij .. Til' = 0, Tji * Tki = 0, j:j:. k, (* the Hadamard product) 
(ii) I:1~1 Ii<: is a (1,-1) matrix, (1) 
(iii) 2::1=1 7ik~ = tI~ = 2::1=1 TldTl., 
(ivy 2::1=1 TikTf;. = ° = 2::Z=1 Tk/rl;, i:j:. j. 
Then there is an M-structure Hadamard matrix of order 4nt. 
Corollary 9 IT there exists an Hadamard matrix of order 4h and an orthogonal 
design OD( 4u; Ul, U'2, U3, U4), then an OD(8hu; 2hut, 2hu'2, 2hu3, 2hu4) exists. 
Corollary 10 IT there exists an Hadamard matrix of order 4h and an orthogo-
nal design OD( 4u; u, U, U, u), then there exists an OD(Shuj 2hu, 2hu, 2hu, 2hu). 
This gives the theorem of Agayan and Sarukhanyan [2J as a corollary by 
setting all variables equal to one: 
Corollary 11 IT there exists Hadamard matrices of orders 4h and 4u then there 
exists an Hadamard matri" of order 8hu. 
We now give as a corollary a result, motivated by, and a little stronger than 
that of Agayan and Sarukhanyan [2]: 
Corollary 12 Suppose there are Williamson or Williamson type matrices of 
orders u and v. Then there are Williamson type matrices of order 2uv. 
If the matrices of orders u and v are symmetric the matrices of order 2uv 
are also symmetric. 
IT the matrices of orders u and v are circulant and/or type 1 the matrices of 
order 2uv are type 1. 
5 Miyamoto's Theorem and Corollaries 
via ~-structures 
vVe reformulate Miyamoto's results so that symmetric vViliiamson-type matrices 
can be obtained. 
Lerruna 13 (Miyamoto's Lemma Reformulated) LetU" VI, i,j = 1,2,3,4 
be (0, +1, -1) matrices of order n which satisfy 
(i) Ui, Uj , i:j:. j are pairwise amicable, 
(ii) Vi, Vi, i ¥= j are pairwise amicable, 
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(iii) U;±V;, (+1,-1) matrices, i= 1,2,3,4, 
(iv) the row sum o£U1 is 1, and the row sum o£Uj , i= 2,3,4 is zero, 
(v) L:=, u;U,T = (2n + 1)1 - 2J, L:=, V;v( = (2n + 1)1. 
Then there are 4 Williamson type matrices of order 2n + 1. If Ui and Vi 
are symmetric, i = 1,2,3,4 then the Williamson-type matrices are symmetric. 
Hence there is a Williamson type Hadamard matrix of order 4(2n + 1). 
Corollary 14 Let q == 1 (mod 4) be a prime power then there are symmetric 
Williamson type matrices of order q + 2 whenever hq + 1) is a prime power or 
~(q + 3) is the order of a symmetric conference matrix. Also there exists an 
Hadamard matrix of Williamson type of order 4(q + 2). 
Rem.ark 1.5 Some of the results in Corollary 14 are also due to A.L. Whiteman 
[35]. This gives symmetric Williamson-type matrices of orders 
7 11 15 19 27 39 51 55 63 75 
83 91 99 123 159 195 243 279 315 339 
363 399 423 451 459 543 579 615 627 663 
575 735 759 843 879 883 999 1095 1155 1203 
1215 1239 1251 1323 1383 1455 1623 1659 1683 1755 
1875 1935 1995 
(since Mathon found conference matrices of orders 46 and 442). Almost all 
these, with symmetry, are new though Miyamoto [12] has found Williamson-
type matrices for these orders and hence Hadamard matrices for four times 
these orders. 
Koukouvinos and Kounias [10] have shown there are no circulant symmet-
ric Williamson matrices of order 39 but here a symmetric but not circulant 
Williamson matrix of order 39 is given. 
Corollary 16 Let q == 1 (mod 4) be a prime power. Then 
(i) if there are Williamson type matrices ofotder (q -1)/4 or an Hadamard 
matri" of order t(q - 1) there exist Williamson type matrices of order q; 
(ii) if there exist symmetric conference matrices of order ~(q - 1) or a sym-
metric Hadamard matrix of order t(q - 1) then there exist symmetric 
Williamson type matrices of order q. 
Hence there exists an Hadamard matrix of Williamson type of order 4q. 
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Remark 17 Part (i) of Corollary 16 for Williamson matrices of order (q -1)/4 
was found by Miyamoto [12]. Part (i) with Hadamard matrices of order tCq-1) 
is new. Part (ii) with symmetry is new. 
Corollary 16 (ii) gives symmetric Williamson-type matrices of order q when 
q == 1 (mod 4) is a prime power and t(q-1) is the order of a synunetric confer-
ence matrb::. This gives symmetric Williamson-type matrices for the following 
orders: 
13 29 37 
197 229 277 
677 701 709 


























Corollary 16 part (il) gives synunetric Williamson-type matrices of order q 
when q == 1 (mod 4) is a prime power and t(q - 1) is the order of a sym-
metric Hadamard matrix. Rembering that symmetric Hadamard matrices exist 
for orders p + 1 when p == 3 (mod 4) is a prime power we have symmetric 
Williamson-type matrices for the following orders: 
5 9 17 25 41 49 73 81 89 97 
113 121 169 193 241 257 281 289 337 353 
361 401 409 433 449 457 529 569 577 593 
601 617 625 641 673 729 761 769 841 881 
929 937 961 977 1009 1033 1049 1097 1129 1153 
1201 1217 1249 1289 1297 1321 1361 1369 1409 1481 
1489 1553 1601 1609 1657 1681 1697 1721 1777 1801 
1849 1873 
Corollary 16 part (i) gives Williamson-type matrices of order q when q == 1 
(mod 4) is a prime power and t(q - 1) is the order of an Hadamard matrix. 
This gives 'Williamson-type matrices for the following orders not given above: 
137 233 313 521 809 953 1193 1753 1889 1993 
Corollary 16 part (i) gives Williamson-type matrices of order q when q == 1 
(mod 4) is a prime power and (q-1)/4 is the order of Williamson-type matrices. 
This result is also due to Miyamoto [12]. This gives Williamson-type matrices 





293 373 613 
1637 1693 1733 
757 757 773 
1741 
1109 1301 
Corollary 18 Let q == 1 (mod 4) be a prime power or q + 1 the order of a 
symmetric conference matrix. Let 2q - 1 be a prime power. Then there e:dst 
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symmetric ·Williamson type matrices of order 2q + 1 and an Hadamard matrix 
of WjlJiamson type of order 4(2q + 1). 
Remark 19 Corollary 18 is satisfied for the appropriate primes or conference 
matrix orders to give symmetric vVilliamson-type matrices for the following 
orders: 
11 19 27 51 75 83 91 99 123 195 
243 315 339 363 451 459 579 627 675 843 
883 1155 1203 1251 1323 1659 1683 1755 1875 1995 
2019 2139 2403 2475 2595 2859 3043 3219 3315 3363 
3483 3699 3723 
Note this last corollary is a modified version of Miyamoto's Corollary 5 
(original manuscript). A new proof of Miyamoto's result, preserving symmetry, 
gIves: 
Corollary 20 Let q == 5 (mod 8) be a prime power. Further let Hq - 3) be 
a prime power or Hq -1) be the order of a symmetric conference ~atrjx then 
there exist symmetric Williamson type matrices of order q and an Hadamard 
matrix of Williamson type of order 4q. 
Theorem 21 (Miyamoto's Theorem Reformulated) Let Uij, Vij, i,j 
1,2,3,4 be (0, +1, -1) matrices of order n which satisfy 
(i) Uki , Ukj ' i :f:. j are pairwise amicable, k = 1,2,3,4, 
(ii) Vki, Vi-j, i:f:. j are pairwise amicable, k = 1,2,3,4, 
(iii) Uki ± Vk;, (+1, -1) matrices, i, k = 1,2,3,4, 
(iv) the row sum ofU" is 1, and the row sum ofUd is zero, i i=- j, i,j = 1,2,3,4, 
(v) 2:,:=1 Uj;uJ; = (2n+ l)l - 2J, 2:,;:1 Y};V}1 = (2n + l)l, j = 1,2,3,4, 
(vi) 2:,:=lUj;U'[,=O, 2:::1 Vj;v:?;=O,j:f:.k,j,k= 1,2,3,4. 
If conditions OJ to (v) hold, there are four Williamson matrices type of 
order 2n + 1 and thus a Williamson type Hadamard matrix of order 4(2n + 1). 
FUl"thermore if the matrices Uld and Vk; are symmetric for all i,j = 1,2,3,4 the 
Williamson matrices obtained of order 2n + 1 are also symmetric. 
If conditons (iii) to (vi) hold, there is an M-structure Hadamard matrix of 
order 4(2n + 1). 
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Proof: Use 
[ -1 Xn= l' -. 51: 1 X12= [.~ 5:2 ] X lS = [J 5: 3 ] [ -1 Xli= .T 5:4 ] 
X 21 = [ J • [ _1 ~:l X23 = [ .~ 5~3 J [ -1 5;i 1 s" Xn= T X2i = .1' -. 
X 31= [J • X32= [.~ 5;2 ] [ _1 53: ] [ _1 S:t J S" X33 = l' XSi = .1' -. 
[ _1 • Xi2= [ J -;i2 ] [ _1 -;t3 ] [ _1 -. 1 XU= .1' -5u X i3 = .1' X H = l' -5H -. 
We note that the following always holds as it is just a case of Miyamoto's 
Lemma Reformulated: 
, 
I: $j;SJ; = 4(2n + 1)I2" - 4hn. 
.=1 
In all cases though assumption (vi) assures us that 
, 
L:SJ.:iSJ; = 0, j oJ k. 
.=1 
Note that if we write our M-structure from the theorem as 
-1 1 1 _1 -, , , , 
1 -1 1 -1 , -, , , 
1 1 -1 -1 , , -, , 
1 1 1 1 -, -, -, , 
_,T ,T ,T ,T S11 S" S" S" 
,T _,T ,T ,T SOl $22 S" S" 
,T ,T _,T ,T SOl S" S" So. 
_,T _,T _,T ,T S" S" S" S" 
(2) 
(3) 
and we can see Yamada's matrix with trimming [46] or the J. Wallis-Whiteman 
[30] matrix with a border embodied in the construction. 
Corollary 22 Suppose there exists a symmetric conference matrix of order 
q + 1 = 4t + 2 and an Hadamard matrix of order 4t = q - L Then there is 
an Hadamard matri:" with M-structure of order 4( 4t + 1) = 4q. Further if the 
Hadamard matrix is symmetric the Hadamard matrix of order 4q is of the form 
where X, Yare amicable and symmetric. 
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We note that complex Hadamard matrices of order n =: 2 (mod 4) do exist 
when symmetric conference matrices cannot exist (see [22, Chapter VI]). These 
complex Hadamard matrices may be written as K = X + iY where K K * = k r" 
(* the Hermitian conjugate). 
Hence we have 
Corollary 23 Let q =: 4/ + 1 be a prime power. Suppose there is a complex 
Hadamard matrix of order 2/. Then there is an Hadamard matrix of order 
4(41+1). 
Note complex Hadamard matrices exist for orders 22, 34, 58, 86, 306, 650, 
870, 1046, 2450, 3782, ... , for which either a symmetric conference matrix 
cannot exist or is not known. None oftbese orders give new Hadamard matrices. 
6 Using 64 Block M-structures 
In a similar fashion, we consider the following lemma so symmetric 8-Williarnson-
type matrices can be obtained. 
Lemma 24 Let Ui , Vi, i,j = 1, ... ,8 be (0, +1, ~ 1) matrices of order n which 
satisfy 
(i) U;;, Uj, i =J:. j are pairwise amicable, 
(ii) Vi, V}, i # j are pairwise amicable, 
(iii) U;; ± Vi, (+1,~1) matrices, i= 1, ... ,8, 
(iv) the row(column) sums of U1 and Uz are both 1, and the row sum of Uj, 
i = 3, ... ,8 is zero, 
Iv) 'L.:=, u;uT = 2(2n + 1)1 - 4J, 'L.:=, V; V;" = 2(2n + 1)1. 
Then there are 8-Williamson type matrices of order 2n + L Furthermore, if the 
U;; and Vi are symmetric, i = 1, ... , 8, then the 8- 'Williamson type matrices are 
symmetric. Hence there is a block type Hadamard matrLY; of order 8(2n + 1). 
Corollary 25 Let q + 1 be the order of amicable Hadamard matrices 1+ S 
and P. Suppose there exist 4 Williamson type matrices of order q. Then there 
exist Williamson type matrices of order 2q + 1. Furthermore there exists an 
Hadamard matrix of block type of order 8(2q + 1). 
Using the amicable Hadamard matrices given in [22] and [16, Table 1] we 
get 8 Williamson type matrices for the following orders for which 4 Williamson 
matrices are not known: 
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47, 111,127,167,319,487,655,831, ... 
This gives new constructions for Hadamard matrices of orders 8.167 and 
8.487. 
Corollary 26 Let q be a prime power and (q - 1)/2 be the order of four (sym-
metric) Williamson type matrices. Then there exist (symmetric) 8-Williamson 
type matrices of order q and an Hadamard matrix of block structure of order 
8q. 
In particular we have 8-Williamson matrices for the following orders for 
which no Williamson type matrices are known: 
59,67,103,107,151,163,179,227,251,283,347,463,467, 523, 563, 571, 587, 
631,643,823,859, 919, 947, ... 
This gives new Hadamard matrices or new constructions for Hadamard ma.-
trices of orders 8.lD7, 8.163, 8.179, 8.251, 8.283, 8.347, 8.463, 8.523, 8.571, 8.631, 
8.643,8.823,8.859,8.919,8.947, ... 
Corollary 27 Let q == 1 (mod 4) be a prime power or q + 1 the order of a 
symmetric conference matrix. Suppose there exist four (symmetric) Williamson 
type matrices of order q. Then there exist (symmetric) 8-Williamson type ma-
trices of order 2q + 1 and an Hadamard matrix of block. structure of order 
8(2q + 1). 
This corollary gives 8 Williamson type matrices for the following new orders: 
219, 275, 299, 395, 483, 515, 579, 635, 699,707, 723, 779, 795, 803, 899, 915, 
923, ... 
It does not give new Hadamard matrices for these orders. 
Corollary 28 Let q = 9t , t > O. Now there e."ri.st four (symmetric) Williamson 
type matrices of order 9t , t > 0. Hence there exist (symmetric) 8-vVilliamson 
type matrices of order 2.91 + 1, t > 0, and an Hadamard matrix of block 
structure of order 8(2·91 + 1). 
This gives symmetric 8-Williamson type matrices for the new order 163, 
13123, ... 
Also we have the following theorem: 
Theorem 29 Let Uij, Vij, i,j = 1, ... ,8 be (0, +1, -1) matrices of order n 
which satisfy 
(i) U/;;;, U/;;j, i "# j are pairwise amicable, k: = 1, ... ,8, 
(ii) Vk;! V/;;j, i"# j are pairwise amicable, k:::: 1, ... ,8, 
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(iii) Uk; ± V/d, (+1,-1) matrices, i,k = 1, ... ,8, 
(iv) the row(column) sum of Uah is 1 for (a,b)e{(i,i),(i,i + 1),(i + l,i)}, 
i = 1,3,5,7, the row(column) sum ofUaa is -1 for (a,a) = 2,4,6,8 and 
otherwise, and the row(column) sum ofU;j, i -; j is zero, 
(v) L:~=1 Uj;UJ; = 2(2n + 1)1 - 4J, L:~=l V];Vl = 2(2n + 1)1, j = 1, ... ,8, 
(vi) L:~=1 Uj;U'{; = 0, L:~=1 Vj; V,J = 0, j -; k, j, k = 1, ... ,8. 
If (iii) to (vi) hold, there is a 64 block .iU-structure Hadamard matrix of 
order 8(2n + 1). 
Proof: Use 
Xll= T [ -, -. :;1: ] , X12= T [ -, -. -. J 512 ' X13=[~i- 5:3 ] , XH= [~~ S;t ] , 
Xl!>=[J_ S:~ ] , X 16 = [J S:6 ] , [ -, Xu= ~T S:1 ] , [ -1 X 15 = ~'r S:8] , 
X21= T [ -, -. 52: ] , X22=l~~ S~2 ] , X n = [J 5;3 ] , X 24 = 'I' [ -, -. iz: ] , 
X 25 = [J 5:5 ] , X 26 = T [ -1 -. S2: 1 ' [ _1 X2T = .'1' S;1 ] , X~s= [ 1'1' -. 52: 1, 
X31=[.i- • J ' X32=[.i- 5;2 ] , 
[ -, -. J [ _1 -. J 
S" 
X33= 'I' 533 ' X 34 = 'I' 53t ' -. -. 
X:lS= (J • J ' X36;o; [.~ 
, 
[ -1 5:7 ] , [ -1 5:8 ], s" 5:6 j , X37 = .'1' XJS "" .'1' 
Xu'" [ .;. 5:1 ] , Xi2 = 'I' [ -1 -. Si: ] , [ -1 Xu= T -. :;4: ] , XiF [ .~ 5:i ] , 
XiS = [J 5:5 ] , Xi6= T [ _1 -. -. J SiS ' [ -, XH= .'1' S:1 ] , X!8= [ IT -. ;:: ] , 
XSI = [ J 5:1 ] , X52=[ei- 5:2] , XS3= [ J 5:3 ] , X5i=[.i- 5:4 ] , 
Xss= T [ -, -. -. J 55!> ' X5e= 'I' [ -, -. -. J 5se ' [ -1 X57 '" .'1' 5:1 ] , [ _1 XS8 = .'1' 5:s ] , 
X 61'''' [ .i- S:1 ] , XS2 = 'I' [ -, -. Ss: ] , X63= [.~ 5:J ] , X H = T [ -1 -. -. J 5H ' 
X6S = 'I' [ -1 -. S6: ] , X66=[}r S:6] , [ -, Xu = .'1' S:1 ] , Xe8= [ 1'1' -. Ss: ] , 
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Xu= [ IT -. -. 1 8n ' Xn= [ IT -. -. 1 S" ' X13= [ IT -. ;7: ] , XH= T [ -, -. -. 1 8H ' 
X75=[ IT -. ;1: ] , X76 = [ IT -. ;7: ] , Xn= [ .~ 5:7 ] , XllI=[.~ 5;a ] , 
X81=[ IT -. 1 [ -, • 1 ' XS3= [ IT Sa: ] , [ -, S:i 1 ' -. 581 ' XS2 = ~T S" -. X84= .T 
X85=[ IT -. ;8: ] , [ -, XS6 = .T S .. 1 ' X n = [J S:1 1 ' Xss = T [ -, -. -. 1 8ss ' 
Then provided conditions (i) to (v) hold and Sf. :;::::. 57;, i = 1, ... ,8 are 
symmetric, X 7;, i = 1, ... ,8 are symmetric 8-Williamson type matrices. Other~ 
wise X 7i , i = 1, ... ,8 are 8-Williamson type matrices. This can be verified by 
straightforward checking. Hence there is an Hadamard matrix of block structure 
of order 8(2n+ 1). 
If conditions (ill) to (vi) hold then straightforward verification shows the 64 
block M~structure X,·j is an Hadamard matrix of order 8(2n + 1). 0 
Corollary 30 Let q be an odd prime power and suppose there exist Williamson~ 
type matrices of order ~(q - 1). Then there e}clsts an M-structure Hadamard 
matrix of order 8q. 
Remark 31 This corollary gives new Hadamard matrices of order 8q for q 
179,1087,1283,1327,1619,1907,2099,2459,2579,2647, .... 
Corollary 32 Let q = 2m+l == 9 (mod 16) be a prime power. Suppose there 
are 1-VilliamsoD-type matrices of order q. Then there is a M~structure Hadamard 
matrL"t: of order 8(2q + 1). 
The analogous Yamada.-J. Wallis-Whiteman structure to Theorem 29 is: 
-, -, , , , , -, -, -, -. • • • -, , , , -, , -, , -. • • -. • -. • -. , , -, -, , , -, -, • -. -. • , , -, -, , , -, -, , • -. -. • -. -. , , , , -, -, -, -, • • • -. -. , -, , -, -, , -, , • -. -. -. • -, , , , , , , , , -. -. -. -, -. -. , -, , -, , -, , -, -. • -. -. • • -. • _.T _.T .T .T .T .T .T .T S" S" S" Sa S" S" S" S" _.T .T .T _.T .T _.T .r _.T S" S" S" S" S" S" S" S" .r .T _.T _.T .T .T .T .T S" S" S" S" S" S" S" S" .r _.T _.T .T .T _.T .T _.T S" S" S" S .. S" S" S" S" .r .T .T .T _.T _.T .T .T S" S" S" S" S" S" S" S" .T _.T .T _.T _.T .T .T _.T S" S" S" S" S" S" SO' S .. _.r _.T _.T _.T _.T _.T .T .T So, S" S" S" S" S" S" S" _.T .T _.T .T _.T .T .T _,T S" S" S" So. S" S" S" s .. 
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We can see Yamada's matrix with trimming [46J or the J. Wallis-Whiteman 
[30J matrix with a border embodied in the construction. 
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Index of Williamson Matrices 
This table contains odd integers q < 40000 for which Williamson matrices 
exist. The following legend gives the method of construction used 
Key Method Explanation 
wl {1, ... ,33,37,41,43} 
w2 tt! , 
w3 gd 
w4 p(p+l) , 
w5 3(43+3),s(48-1) 
w6 93 
w7 (J-ll{4f+l) , 
w8 l!+1j(4!+l} • 
w9 p(p_I) , 
wO (p+2)(p+,) 
wa (1+1)(4/+11 , 
wb It 1)(4/+1) , 
we 2p+ 1 
wd 7.3 i 
w#e 7iH, 11.7 i 
wf .d!±!l , 
wg p'(;>+1) , 
wb ~ , 
w, ,+2 
wj q+2 
p == 1(mod4) a prime power 
d a natural number' 
p == 1(mod4) a prime power 
'E {1,3,5, ... ,31} 
p = 4f + 1,/ odd, is a prime power 
of the form 1 + 4t2, 
¥ is the order of a good matrix 
p = 4/ + 1, f odd, is a prime power 
of the form 25 + 4t2, 
.t.p. is the order of a good matrix 
p = 4f + 1 is a prime power 
and ~ is the order of a good matrix 
p == 1(mod4) a prime power, 
p + 3 is the order of a 
symmetric Hadamard matrix 
p = 41 + I, f odd, is a prime power 
of the form 9 + 4t2 , 
¥ == 1(mod4) a prime power 
p = 4/ + 1,/ odd, is a prime power 
of the form 49 + 4t2 , 
¥ == 1(mod4) a prime power 
q = 2p - 1 is a prime power 
p is a prime 
i2=:O 
i 2=: 0 (Gives S-Williamson matrices) 
q == 1(mod4) is a prime 
d2=:2 
p == 1(mod4) is a prime power 
p == 3( mod4) is a prime power and 
~ is the order of a Williamson type matrix 
q == 1(mod4), is a prime power and ~ 
1S a prime power 
q == 1(mod4), is a prime power and ~ 
is the order of a symmetric conference matrix 
2 
.... -~-. 



















E. ... planation 
q;::; 1(mod4} is a prime power and 
~ is the order of a symmetric conference matrix 
or the order of a symmetric hadamard matrix 
q = 1(mod4), is a prime power and ~ 
is the order of a williamson type matrix 
q = 1(mod4), is a prime power and ~ 
is the order of a hadamard matrix 
w is the order of a williamson type matrix 
n is the order of a symmetric conference matrix 
w and tl are the orders of williamson type matrices 
q + 1 is the order of an amicable hadamard matrix 
and q is the order of a willliamson type matrix 
q is a prime power and ~i.sthe 
order of a williamson type matrix 
q = 1(mod4) is a prime power or 
q + 1 is the order of a symmetric conference matrix 
and q is the order of a williamson type matrix 
w#s 2.9' + 1 t > 0 
S = {I, ... ,31} is the set of good matrices. 
q - 1 is a Hadamard matrix of SC-fonIl if one of the following is true 
(i) .t:f is a Williamson matrix. 
(ii) ~ is a Conference matrix. 
(iii) ~ is a Hadamard matrix. Note: The fact thai if there is a 
\Villiamson matrix of order n then there is a 'Williamson matrix of order 
2n, is used in the calculation of w'g.l. 
\ 
[The references for these papers are wI [48], [41, [49], [401, 
[22], w2 [51], [33], w3 [52], w4 [191, w5, w6 [21], 
w7, wB, w9, wO, we, wI [20], wi, wg [17], wh, wi, wj, wk [12]] 
3 
• 
q , Method q , Method q , Method q , Method q , Method 
1 0 wI 101 0 wk 201 0 w' 301 0 w2 401 0 wk 
3 0 wI 103 0 w#q 203 1 w9 303 1 w7 403 1 wn , 0 wl 100 1 wn 200 0 w2 300 1 wn 400 0 w2 
7 0 wI 107 0 w#q 207 1 wn 307 0 w2 407 1 wn 
9 0 wI 109 0 .k 209 1 wn 309 0 w' 409 0 wk 
11 0 wI III 1 wn 211 0 w' 311 4ll 0 w, 
13 0 wl 113 0 wk 213 313 0 w2 413 
15 0 .1 1lO 0 w' '" 1 wn 315 0 w5 41' 0 w2 17 0 wl 117 0 .2 217 0 w2 317 0 wk 417 1 wn 
19 0 .1 119 1 wn '19 1 = 319 1 wn 419 
21 0 wI 121 0 w' 221 1 ~ 321 0 w' 421 0 w, 
23 0 .1 123 0 wi 223 323 1 wn 423 0 wi 
20 0 .1 '" 0 wk 225 0 w2 320 0 .4 420 1 wn 27 0 wl 127 0 w#P 227 0 w#q 327 0 w2 427 0 w' 
29 0 wl 129 0 w2 229 0 w' 329 429 0 w' 
31 0 wI 131 231 0 w' 331 0 w' 431 
33 0 wI 133 1 wn 233 0 wl 333 1 w9 433 0 wk 
35 1 wn 135 0 w' '35 335 <SO 0 w4 
37 0 wI 137 0 wl 237 1 .n 337 0 w' 437 1 wn 
39 0 wi 139 0 w' 239 339 0 .2 439 0 .2 
41 0 wl 141 0 w2 241 0 wk 341 1 wn 441 0 w' 
43 0 wl 143 1 ~ '43 0 wj 343 1 wn 443 
40 0 w2 145 0 w' '40 1 ~ 340 1 wn 445 1 wn 
47 0 wtip 147 0 w' 247 1 .n 347 0 wtiq 447 1 wn 
49 0 w' 149 0 .k 249 1 wn 349 0 wk 449 0 wk 
51 0 w2 151 0 wtiq 201 0 w#q 351 0 w2 '" 0 wj 03 0 .k 153 0 w4 '53 1 wn 353 0 wi 403 
" 0 w' 15' 1 wn 255 0 w2 355 0 w2 455 1 wn 07 0 w2 157 0 w' 257 0 wi 307 1 wn 407 0 wk 
59 0 w#q 15g 0 w2 209 1 wn 359 459 0 "' 61 0 wI 161 1 wn 261 0 w2 361 0 wk 461 0 wk 
63 0 w' 163 0 w#q 263 363 0 wi 463 0 wtiq 
" 1 wn 165 1 ~ 265 0 w2 365 0 w2 465 0 .2 67 0 w#q 167 0 w#p 267 1 wn 367 0 w2 467 0 w#q 
69 0 w' 169 0 w2 269 369 1 wn 469 0 w2 
71 171 1 nn 271 0 w2 371 1 wn 471 0 w2 
73 0 wk 173 0 wi 273 1 nn S73 0 wi 473 0 w5 
75 0 w2 175 0 w2 275 1 wn 375 0 wf 475 1 .n 
77 1 nn 177 0 w2 277 0 wk 377 1 wn 477 0 w2 
79 0 .2 179 0 wtiq 279 0 .2 370 0 w2 479 
81 0 .3 181 0 .2 281 0 wi 381 0 w2 481 0 .2 
83 0 "' 183 1 wn 283 0 w#q 383 483 1 wn 8' 0 .2 180 1 .n 28' 0 .2 38' 0 w2 485 1 wn 
87 0 w' 187 0 w' 287 1 wn 387 0 w2 487 0 w#P 
89 0 .1 189 0 .5 '89 0 w2 389 0 wk 489 0 w' 
91 0 .2 191 0 w#p 291 1 wn 391 1 wn 491 
93 0 w6 193 0 nk 293 0 wi 393 493 1 wn 
95 0 w' 195 0 ., 295 39' 1 wn 49' 1 ~ 
97 0 w' 197 0 wk 297 0 w2 397 0 wk 497 
99 0 .2 199 0 w2 299 1 .n 399 0 w2 499 0 ., 
EXistence of \Vllhamson Matnces 
q , Method q , Method q , Method q , Method q , Method 
501 601 0 w2 701 0 wk 801 0 w' 901 0 w' 
503 603 1 wo 703 0 w4 803 1 wo 903 1 wo 
505 0 w2 605 1 wo 705 0 w' 805 0 w' 905 1 wo 
507 0 w2 607 0 w2 707 1 wo 807 0 w2 907 
509 609 0 w2 709 0 wk .,9 0 wI 909 1 wo 
5ll 0 w2 611 7ll 1 wo 811 0 w2 911 
513 1 wo 613 0 wI 713 1 wo 813 1 wo 913 1 wo 
515 0 w#, 615 0 w2 715 0 w2 815 915 1 w9 
.. , : 517 0 w2 617 0 wi 717 0 w2 817 1 wo 917 
519 1 ~ 619 0 w2 719 819 0 w2 919 0 w#q 
521 0 wI 621 1 wo 721 821 0 wk 921 1 wo 
523 0 w#q 623 1 wo 723 1 wn 823 0 w#q 923 0 w#. 
525 0 w2 625 0 w2 725 1 ~ 825 1 "" 925 0 w2 527 1 wn 627 0 wi 727 0 w2 627 927 1 wn 
529 0 wI 829 1 ~ 729 0 w3 829 0 w2 929 0 wI 
531 0 w2 531 0 w#q 731 1 wo 831 1 wo 931 0 w2 
533 1 = 533 1 wo 733 0 w#q 833 1 wo 933 
535 0 w2 535 0 w#, 735 0 wi 835 0 w2 935 1 wn 
537 537 1 ~ 737 837 1 wo 937 0 w' 
539 1 wn 639 0 w2 739 839 939 0 .2 
541 0 wk 641 0 wk 741 0 w2 841 0 w2 941 
543 0 wi 643 0 w#q 743 843 0 wi 943 1 wn 
545 1 ~ 645 0 w2 745 0 w2 845 1 wo 945 0 w' 
547 0 w2 647 747 0 w2 847 0 w2 947 0 w#q 
549 0 w2 649 0 w2 749 849 0 w2 949 1 wo 
551 1 wo 651 0 w2 751 0 w#q 851 1 wo 951 0 w2 
553 1 = 653 753 853 953 0 wI 
555 0 w2 655 0 w#p 755 855 0 w2 955 
557 0 wk 657 1 ~ 757 0 wI 857 957 0 w2 
559 0 w2 659 750 0 '" 859 0 w#q 959 1 wo 551 1 wo 661 0 w2 761 0 wI 861 0 w2 961 0 wk 
553 0 w#q 663 0 w5 753 1 .. 863 963 1 wo 
565 0 w2 665 1 wo 765 1 ~ 865 1 wo 965 1 wn 
557 1 wo 667 1 wo 767 867 0 w2 967 0 w' 
569 0 wm 669 769 0 wk 869 1 wn 969 1 wo 
571 0 w#q 671 1 wo 771 1 wo 871 0 w2 971 
573 673 0 wk iT3 0 wI 873 1 wo 973 1 wo 
575 1 wo 675 0 wi 775 0 w2 875 1 wo 975 0 w2 
'" 0 w2 677 0 wk iT7 0 w2 877 0 w2 977 0 wk 579 0 wj 679 1 wo 779 1 wn 879 0 wi 979 1 wo 
581 1 wo 681 0 w2 781 881 0 wk 981 1 ~ 
583 1 wo 583 783 1 wo 883 0 w#q 983 
585 1 ~ 685 0 w2 785 1 wn 885 0 w5 985 1 wo 
587 0 w#q 687 0 w2 787 887 987 0 w2 
589 1 wo 689 1 w9 789 889 0 w' 989 1 wo 
591 0 w2 691 0 w2 791 1 wn 891 1 wo 991 
593 0 wk 693 1 wo 793 1 ~ 893 993 1 wn 
595 1 wo 695 1 wn 795 1 wn 895 0 w2 995 1 wo 
597 0 w' 697 1 wo 797 0 wk 897 1 wn 997 0 w' 
599 699 1 wn 799 0 w2 899 1 wn 999 0 w' 
EXlstence of Williamson Matnces 
q t Method q , Method q t Method q t Me~hod q t Method 
1001 1 wn 1101 1 wn 1201 0 w2 1301 0 wi 1401 0 w2 
1003 1103 1203 0 wi 1303 0 w#q 1403 1 wn 
1005 1 wn 1105 0 w2 1205 1 wn 1305 0 w2 1405 0 w2 
1007 1 = 1107 0 w2 121J7 0 w5 1307 0 w#, 1407 1 wn 
1009 0 w2 1109 0 wi 1209 0 w2 1309 0 w2 1409 0 wi 
1011 1 wn 1111 0 w2 1211 1 wn 1311 0 w2 1411 1 wo 
1013 1 wn 1113 1 wn 1213 0 w#q 1313 1 wn 1413 1 wn 
1015 0 w2 1115 0 w#' 1215 0 W< 1315 1415 
1017 1 wn 1117 0 wk 1217 0 wk 1317 0 w2 1417 0 w2 
1019 0 w#, 1119 0 w2 1219 0 w2 1319 1419 0 w2 
1021 0 wk 1121 1221 0 w2 1321 0 wi 1421 1 wn 
1023 1 wn 1123 1223 1323 0 wi 1423 
1025 1 wn 1125 1 wn 1225 0 w' 1325 1 wn 1425 0 w5 
1027 0 w2 1127 1 = 1227 1 = 1327 0 w#p 1427 
1029 1 wn 1129 0 wk 1229 0 wk 1329 0 w2 1429 0 w2 
1031 1131 1 wn 1231 0 w#p 1331 1 wn 1431 0 w2 
1033 0 wk 1133 1233 1 wn 1333 1 wn 1433 
1035 0 w2 1135 0 w2 1235 1 = 1335 1 wn 1435 1 wn 
1037 1 wn 1131 0 w2 1237 0 w2 1337 1437 
1039 1139 0 w5 1239 0 w2 1339 0 w2 1439 
1041 0 w2 1141 0 w2 1241 1 wo 1341 1 wb 1441 
1043 1 wn 1143 1 wn 1243 1 wn 1343 1 wn 1443 1 wn 
1045 0 w2 1145 1 wn 1245 1 wn 1345 0 w2 1445 1 wn 
1047 1 wn 1147 0 w2 1247 1 = 1347 0 w2 1441 
1049 0 wm 1149 0 w2 1249 0 wi 1349 1449 0 w2 
1051 0 w#q 1151 1251 0 wi 1351 1 wn 1451 
1053 1 wn 1153 0 wk 1253 1353 1 wn 1453 0 wI 
1055 1 wo 1155 0 w2 1255 1355 1 wn 1455 0 w2 
1057 0 w2 1157 1 wn 1257 1357 0 w2 14~7 
1059 1 wn 1159 1 ~ 1259 1359 1459 0 w2 
1051 0 wk 1151 1 wn 1251 0 w2 1361 0 wk 1461 
1063 0 wilq 1163 1263 1 wn 1363 1463 2 wn 
1065 0 w2 1165 1 wn 1265 1 wn 1365 0 w2 1465 1 wn 
1067 1 we 1157 0 w2 1267 1 wn 1367 1467 1 wn 
1069 0 w2 1169 1259 1 ~ 1369 0 wI 1459 1 we 
1071 0 w2 1171 0 w2 1271 1 wn 1371 0 w2 1471 0 w#P 
1073 1 wn 1173 1 wn 1273 1373 0 w#q 1473 
1075 1 ~ 1175 1275 0 w2 1375 0 w2 1475 
1077 0 w2 1177 1277 0 w#q 1377 0 w2 1477 0 w2 
1079 1 wn 1179 0 w2 1279 0 w2 1379 1 wn 1479 0 w2 
1081 0 w2 1181 1281 1 ~ 1381 0 w#q 1481 0 wI 
1083 1 wn 1183 0 w[ 1283 0 w#q 1383 0 wi 1483 0 w#q 
1085 1 wn 1185 1 wn 1285 1 wn 1385 1 ~ 1485 0 .2 
1087 0 w!l, 1187 0 wilq 1287 1 wn 1387 1 wn 1487 
1089 1 = 1189 0 w2 1289 0 wI 1389 0 w2 1489 0 wI 
1091 1191 0 w2 1291 0 w#q 1391 1491 
1093 0 w#q 1193 0 wI 1293 1393 1 ~ 1493 0 wI 
1095 0 wi 1195 0 w2 1295 2 wn 1395 0 w2 1495 1 wu 
1097 0 wI 1197 0 w2 1297 0 w2 1397 1497 1 wn 
1099 0 w2 1199 1 wo 1299 1 ~ 1399 0 w2 1499 
E::astence of VV llliamson Matnces 
q t Method q t Method q t Method q t "'Iethod q t Method 
1501 0 w2 1601 0 wk 1701 1 wo 1801 0 w' 1901 0 w#q 
1503 1603 1 wn 1103 1803 1 un 1903 1 wo 
1505 1 wn 1605 0 .2 1105 1 wn 1805 0 wh 1905 1 wn 
1507 1 wo 1607 li07 0 w2 1807 0 w2 1907 0 w#q 
1509 1609 0 w2 1709 0 w' lS09 0 w2 1909 1 wo 
1511 1511 0 w2 1711 ISll 1911 0 w2 
1513 1 wo 1613 0 wliq 1713 1813 1 wn 1913 
1515 1 wo 1615 0 w2 1715 0 wli' 1815 1 wn 1915 
1517 1 wn 1517 1 wn 1717 0 w2 1817 1 wo 1917 0 w2 
1519 0 w2 1619 0 wllq 1719 1819 0 .2 1919 1 wn 
1521 0 w2 1621 0 wk 1721 0 wI 1821 1 wn 1921 1 wn 
1523 0 wliq 1523 0 wi 1723 0 wliq 1823 1 ~ 1923 1 wn 
1525 0 w2 1525 1 wn 1725 0 w2 1825 1 wn 1925 1 wn 
1527 1627 0 w2 1727 1 wn 1827 0 w5 1927 0 w2 
1529 1 wn 1629 0 w2 1729 0 w2 1629 1929 
1531 0 w2 1631 1 wn 1731 0 w2 1831 1931 
1533 1 wn 1633 1733 0 wI 1833 1 wn 1933 0 wliq 
1535 1 wn 1635 1 wn 1735 0 w2 1835 1 wn 1935 0 wi 
1537 1 wo 1637 0 wI 1137 1 wn 1837 0 w2 1937 1 wn 
1539 1 wn 1639 1 wo 1739 1839 0 w2 1939 0 w2 
1541 1541 1 wn 1741 0 w2 1841 1941 0 w2 
1543 1543 1 wn 1743 0 w5 1843 1 wn 1943 
1545 0 w2 164S 1745 1 wn 1845 1 wn 1945 0 .2 
1547 1 wn 1647 1 wn 1747 1847 1947 1 wn 
1549 0 wk 1649 1 wn 1749 1 wn 1849 0 w2 1949 
1551 1 wn 1651 0 w2 1751 1851 0 w2 1951 0 wllp 
1553 0 w' 1653 1 wn 1153 0 wI 1853 1 wo 1953 1 wo 
1555 0 w2 1655 1 wn 1755 0 wi 1855 0 w2 1955 1 wn 
1557 1 = 1657 0 w2 1757 1857 1 wn 1957 
1559 1559 0 wi 1159 0 w2 1859 1 wn 1959 0 w2 
1561 0 w2 1661 1751 1861 0 .2 1961 1 wn 
1563 0 w2 1663 1763 1 = 1863 1 wo 1963 
1565 1 wn 1555 0 w2 1765 0 w2 1865 1 wn 1965 0 w2 
1567 1567 1767 0 w2 1867 0 w2 1961 1 'm 
1569 0 w2 1669 0 w#q 1169 1 wn 1869 1 wo 1969 
1571 1671 1 wn 1771 0 w2 1871 1971 1 wn 
1573 1 wn 1673 1773 1 wn 1873 0 wk 1973 0 w#q 
1575 1 wn 1675 1715 1 wn 1875 0 wf 1975 1 wo 
1577 1 wn 1677 1 wn 1717 0 wi 1877 0 wk 1977 
1579 1679 1 wn 1779 0 w2 1879 0 w#q 1979 
1581 1 wn 1681 0 .2 1781 1 wn 1881 0 w2 1981 
1583 1583 0 wi liS3 1883 0 w#r 1983 1 .0 
1585 0 w2 1685 1 wn 1785 1 wn 1885 0 w2 1985 1 wn 
1587 1 wh 1681 0 w2 1787 1887 1 wo 1981 
1589 1589 liB9 0 wllq 1889 0 wm 1989 1 wn 
1591 0 w2 1691 1 wn 1791 0 w2 IS91 0 w4 1991 1 wn 
1593 1 wn 1693 0 wI 1793 IS93 1993 0 wI 
1595 1 wn 1695 0 w2 1795 1895 1 wn 1995 0 w2 
1597 0 wk 1697 0 wi 1797 0 w2 1897 0 w2 1997 0 wk 
1599 1 wn 1699 0 w#q 1799 1 wn 1899 0 w2 1999 0 wlip 
EXIstence of Williamson Matrices 
Index of Hadamard Matrices 
This table contains odd integers q < 40000 for which Hadamard matrices 
of the form 2f q exist. The key for the methods of construction follows. 






pT == 3(mod4), is a prime power 
2q + 1 is a prime power, q == 1(mod4), is a prime 
n, h, are amicable hadamard matrices 




2(, + 1) 
2(q + 1) 
4m 
4(q + 1) 
(It I + 1)(q + 1) 
hm 
Explanation 
t ail positive integers, 
ki - 1 == 3( mod4) a prime power 
p is a skew Hadamard matrix, u > 0 
is an odd integer 
q == 5(mod8) is a prime power 
q = pI is a prime power where p =: 5(mod8) 
and t =: 2(mod4) 
3'::;m::;2iJ 
q:::::: 9(mod16) is a prime power 
q = 3 2 + 4t2 == 5(modS) is a prime power 
and It I + 1 is a skew Hadamard matrix 
q is a prime power, q2 + q + 1 == 3, 5, 7(mod8) 
a prime or 2( q2 + q + 1) + 1 is a prime power 
h is a skew hadamard matrix and 
m is an amicable hadamard matrix 
Spence Hadamard Matrices. 
Key Method 
pI 4(q2+q+l} 
p2 4n or 8n 
p3 4m 
E.x:planation 
q2 + q+ 1 == 1(mod8) is a prime 
n, n - 2 are prime powers, if n == 1(mod4) there 
exists a Hadamard matrix of order 4n, 
if n == 3( mod4) there exists a Hadamard 
matrix of order 8n 
m is an odd prime power for which an 
integer s ;:: 0 such that 
(".-(2,+1+1)) . dd' . 
2,+1 1S an 0 pnme power, eXlsts 
4 
31 
Symmetric Hadamard Matrices. 
If there exists a Conference matrix of order n then there is symmetric 
Hadamard matrix of order 2n, for this reason symmetric hadamard matrices 
indexed according to the method used to derive the order of a conference 
matrix with the exception of c6 wich produces a symmetric Hadamard 
matrix. 
Key Method Explanation 
cl pT + 1 pT == 1(mod4) is a prime power 
,2 (h-I)'+I h is a skew Hadamard matrix 
,3 ,'(,-2)+1 q == 3(mod4) is a prime power 
q - 2 is a prime power 
,4 5.921+1 + 1 t~O 
,5 (n-I)'+I n is a conference matrix 
oS ~ 2 
,6 nh n is a conference matrix 
h is a Hadamard matrix 
Note: a conference matrix of order n exists only if n - 1 is the sum of 
two squares. 
Hadamard Matrices Obtained From Williamson Matrices. 
If a vVilliamson matrix of order 21q exists then there is a Hadamard 
matrix of order 21+2q, the same key as in the Index of\Villiamson Matrices 
is used to index the Hadamard matrices produced from them. 
OD Hadamard Matrices. 
Key Method Explanation 
01 
02 ow 
If a T-matrix of order 21q exists then 
there is a hadamard matrix of order 2!+2q 
o is an OD-hadamard matrix and 
w is a vVilliamson matrix: 
Yamada Hadamard Matrices. 
Key Method E.-xplanation 
y1 4q q == 1{mod8) is a prime power 
~ is a Hadamard matrix 
y2 4{q + 2) q == 5(mod8) is a prime power 
~ is a skew Hadamard matrix 
y3 4(q + 2) q == 1{mod8) is a prime power 
~ is a conference matrix 
03 
Miyamoto Hadamard Matrices. 
Key Method Explanation 
ml 4q q == 1(mod4) is a prime power 
q - 1 is a Hadamard matrix 
m2 8q q == 3( mod4) is a prime power 
2q - 3 is a prime power 
Seberry. 
Key Method 
se 2f q 
Explanation 
where t is the smallest integer such that 
for given odd q, a(q + 1) + b(q - 3) = 2e 
has a solution for a, b non-negative integers 
KO<'k!Wfil1fi'\A9-:7 tvVId k~M 
j{Y;1 Mdto J 
k~ u il1- ~I + 32 ~ 'if' Wl<oi d?. 
/I aA· ~';j7J ~~cR.<J . 
6 
q t :\-lethod q t Method q t i\'1ethod q t Method q t ~lethod 
1 ,2 101 wk 201 02 301 02 401 wk 
3 .2 103 y2 203 a2 303 02 403 02 
5 a2 105 ,2 205 02 305 02 405 a2 
7 a2 107 3 w#q 207 a2 307 ,3 407 a2 
9 02 109 wk 209 02 309 d 409 wk 
11 "" 111 "" 211 ,3 311 3 m2 411 02 13 ,4 113 ,2 213 3 ,6 313 d 413 02 
15 a2 115 02 215 a2 315 a2 415 02 
17 a2 117 a2 217 02 317 wk 417 a2 
19 ,3 119 02 219 02 319 02 419 4 a2 
21 "" 121 02 221 a2 321 a2 421 ,4 23 ,5 123 a2 223 3 a2 323 a2 423 02 
25 02 125 a2 225 02 325 02 425 a2 
27 "" 127 y2 227 a2 327 a2 427 02 29 wI 129 02 229 oj 329 02 429 02 
31 ,3 131 a2 231 02 331 ,3 431 a2 
33 "" 133 02 233 wI 333 a2 433 wk 35 "" 135 02 235 02 335 02 435 02 37 oj 137 a2 237 a2 337 oj 437 a2 
39 02 139 ,3 239 4 a2 339 02 439 ,3 
41 a2 141 .2 241 wk 341 02 441 02 
43 wI 143 ,2 243 a2 343 02 443 3 m2 
45 a2 145 02 245 02 345 02 445 02 
47 01 147 a2 247 02 347 3 w#q 447 a2 
49 02 149 wk 249 02 349 wk 449 wk 
51 02 151 y2 251 3 w#q 351 02 451 02 
53 "" 153 02 253 02 353 wI 453 a2 55 02 155 a2 255 a2 355 ,3 455 02 
57 a2 157 oj 257 wI 357 a2 457 wk 
59 01 159 02 259 02 359 4 a2 459 02 
61 ,2 161 a2 261 02 361 02 461 wk 
63 a2 163 3 a2 263 a2 363 a2 463 3 w#q 
65 02 165 a2 265 02 355 a2 465 02 
67 01 167 3 w,#p 267 02 357 ,3 467 a2 
69 02 169 02 269 ml 369 02 469 02 
71 a2 171 a2 271 ,3 371 a2 471 02 
73 wk 173 a2 273 a2 373 wI 473 02 
75 02 175 02 275 02 375 a2 475 02 
77 a2 177 02 277 wk 377 02 477 a2 
79 ,3 179 3 w#q 279 02 379 ,3 479 16 " 81 02 181 oj 281 a2 381 a2 481 02 
83 "" 183 02 283 3 w#q 383 a2 483 a2 65 02 185 a2 285 02 385 02 485 02 
87 a2 187 02 287 02 387 02 487 3 w#P 
89 wi 189 02 289 02 389 wk 489 oj 
91 02 191 3 w#P 291 a2 391 02 491 15 " 93 02 193 wk 293 a2 393 a2 493 02 
95 a2 195 02 295 02 395 a2 495 ,2 
97 oj 197 a2 297 a2 397 wk 497 a2 
99 02 199 ,3 299 02 399 02 499 ,3 
Existence of Hadamard Matrices 
q t Method q t Method q t I\Iethod q t Method q t i\'lethod 
501 .2 601 d 701 .2 801 .2 901 02 
503 .2 603 .2 703 02 803 02 903 02 
505 02 605 02 705 .2 805 02 905 02 
507 .2 607 ,3 707 02 807 ,3 907 3 m2 
509 ml 609 02 709 wk 809 wi 909 02 
511 02 611 02 711 .2 811 ,3 911 .2 
513 02 613 ,2 713 .2 813 .2 913 02 
515 3 w#' 615 .2 715 02 815 .2 915 .2 
517 02 617 a2 717 d 817 02 917 4 a5 
519 02 619 ,3 719 4 .2 819 02 919 3 .2 
521 .2 621 02 721 4 02 821 wk 921 02 
523 3 w#q 623 02 723 02 823 3 ,7 923 .2 
525 .2 625 02 725 02 825 .2 925 02 
527 02 627 02 727 ,3 827 .2 927 02 
529 02 629 02 729 02 829 oj 929 wi 
531 02 631 3 w#q 731 02 831 .2 931 02 
533 .2 633 .2 733 ml 833 .2 933 4 ,6 
535 ,3 635 .2 735 .2 835 ,3 935 .2 
537 4 ,6 637 02 737 02 837 .2 937 d 
539 02 639 ,3 739 16 " 839 18 " 939 02 541 wk 641 wk 741 .2 841 02 941 ml 
543 02 643 3 w#q 743 .2 843 .2 943 02 
545 .2 645 .2 745 02 845 02 945 .2 
547 .2 647 3 m2 747 02 847 02 947 3 w#q 
549 02 649 02 749 5 02 849 d 949 02 
551 .2 651 02 751 3 .2 851 02 951 .2 
553 02 653 4 01 753 .2 853 3 .2 953 wi 
555 02 655 y2 755 .2 855 02 955 3 .2 
557 wk 657 02 757 ,8 857 ml 957 02 
559 02 659 17 " 759 02 859 3 .2 959 02 561 .2 661 oj 761 ,2 861 02 961 02 
563 .2 663 02 783 02 863 3 m2 963 .2 
565 02 665 .2 765 02 865 02 965 02 
567 .2 667 02 767 .2 867 .2 967 ,3 
569 p3 669 3 .2 769 wk 869 02 969 02 
571 3 .2 671 a2 771 .2 871 02 971 6 .2 
573 3 a2 673 wk 773 wi 873 .2 973 02 
575 02 675 .2 775 02 875 .2 975 02 
577 d 677 a2 717 02 877 oj 977 .2 
579 02 679 02 779 02 879 02 979 02 
581 02 681 d 781 3 .2 881 wk 981 a2 
583 02 683 .2 783 02 883 3 w#q 983 a2 
585 .2 685 02 785 02 885 .2 985 02 
587 .2 687 02 787 3 m2 887 .2 987 .2 
589 02 689 02 789 3 .2 889 oj 989 02 
591 02 691 ,3 791 .2 891 02 991 3 .2 
593 .2 693 02 793 02 893 .2 993 02 
595 02 695 02 795 02 895 ,3 995 02 
597 02 697 02 797 .2 897 02 997 d 
599 17 " 699 02 799 02 899 02 999 02 
Existence of Hadamard Matnces 
q t Method q t Method q t Method q t Method q t :'Ie,hoci 
1001 .2 1101 02 1201 d 1301 02 1401 01 
1003 02 1103 3 m2 1203 02 1303 3 w#q 1403 02 
1005 .2 1105 02 1205 02 1305 02 1405 02 
1007 .2 1107 02 1207 w5 1307 .2 1407 02 
1009 ,1 1109 wi 1209 02 1309 02 1409 wi 
1011 02 1111 02 1211 02 1311 02 1411 02 
1013 .2 1113 .2 1213 ml 1313 02 1413 .2 
1015 02 1115 3 wilt 1215 02 1315 4 .5 1415 .2 
1017 02 1117 wk 1217 wk 1317 02 1417 02 
1019 3 Wilt 1119 02 1219 02 1319 18 " 1419 02 1021 wk 1121 .2 1221 02 1321 wi 1421 .2 
1023 .2 1123 3 m2 1223 19 " 1323 02 1423 3 .2 1025 .2 1125 02 1225 02 1325 02 1425 02 
1027 02 1127 .2 1227 02 1327 3 w#p 1427 3 m2 
1029 02 1129 wk 1229 wk 1329 d 1429 " 1031 6 .2 1131 .2 1231 y2 1331 .2 1431 02 
1033 wk 1133 4 .2 1233 .2 1333 02 1433 ml 
1035 .2 1135 ,3 1235 02 1335 02 1435 02 
1037 02 1137 .2 1237 d 1337 .2 1437 4 01 
1039 3 .2 1139 02 1239 02 1339 ,3 1439 19 " 1041 tl 1141 d 1241 02 1341 02 1441 3 .2 
1043 02 1143 02 1243 02 1343 02 1443 02 
1045 02 1145 02 1245 02 1345 d 1445 .2 
1047 02 1147 02 1247 .2 1347 a2 1447 19 " 1049 p3 1149 d 1249 wi 1349 4 02 1449 02 
1051 3 wilq 1151 .2 1251 .2 1351 02 1451 6 .2 
1053 .2 1153 wk 1253 .2 1353 02 1453 wi 
1055 .2 1155 02 1255 3 .2 1355 .2 1455 02 
1057 d 1157 02 1257 5 06 1357 02 1457 .2 
1059 02 1159 02 1259 4 .2 1359 3 06 1459 ,3 
1061 .2 1161 .2 1261 02 1361 .2 1461 .2 
1063 3 w#q 1163 .2 1263 .2 1363 02 1463 .2 
1065 .2 1165 02 1265 .2 1365 02 1465 02 
1067 02 1167 02 1267 02 1367 3 m2 1467 .2 
1069 " 1169 5 02 1269 02 1369 02 1469 02 1071 .2 1171 ,3 1271 02 1371 .2 1471 3 w,#p 
1073 02 1173 .2 1273 02 1373 ml 1473 3 .2 
1075 02 1175 02 1275 ,2 1375 02 1475 02 
1077 " U77 5 .2 1277 .2 1377 .2 14i7 02 1079 02 1179 ,3 1279 ,3 1379 02 1479 02 
1081 02 1181 .2 1281 02 1381 ml 1481 .2 
1083 02 1183 02 1283 3 wilq 1383 a2 1483 3 a2 
1085 a2 1185 02 1285 02 1385 02 1485 ., 
1087 3 wilp 1187 3 wilq 1287 .2 1387 02 1487 3 m2 
1089 02 1189 02 1289 wi 1389 d 1489 wi 
1091 a2 1191 02 1291 3 \V#q 1391 a2 1491 3 .2 
1093 p2 1193 wi 1293 .2 1393 02 1493 wi 
1095 02 1195 ,3 1295 a2 1395 02 1495 02 
1097 wI 1197 a2 1297 d 1397 4 02 1497 .2 
1099 02 1199 02 1299 02 1399 ,3 1499 18 " 
Existence of Hadamard :Matrices 
q t ;\'Iethod q t ;\Iethod q t Method q t Method q t ;\Iethod 
1501 02 1601 wk 1701 ,2 1801 wk 1901 ,2 
1503 ,2 1603 02 1703 4 02 1803 ,2 1903 02 
1505 02 1605 02 1705 02 1805 ,2 1905 02 
1507 02 1607 ,2 1707 '" 1807 02 1907 3 w#q 1509 3 .2 1609 d 1709 wk 1809 02 1909 02 
1511 ,2 1611 ,3 1711 02 1811 ,2 1911 " 1513 02 1613 '" 1713 • .2 1813 02 1913 4 01 1515 02 1615 02 1715 .2 1815 02 1915 3 " 1517 ,2 1617 02 1717 02 1817 02 1917 02 
1519 02 1619 3 w#q 1719 3 ,2 1819 ,3 1919 02 
1521 02 1621 wk 1721 ,2 1821 .2 1921 02 
1523 • 2 1623 .2 1723 ,8 1823 , . 1923 ,2 
1525 02 1625 02 1725 ,2 1825 02 1925 ,2 
1527 3 ,6 1627 ,3 1727 ,2 1827 ,2 1927 02 
1529 02 1629 02 1729 02 1829 02 1929 4 t6 
1531 ,3 1631 02 1731 02 1831 3 m2 1931 ,2 
1533 .2 1633 3 ,2 1733 wi 1833 '" 1933 p2 1535 02 1635 02 1735 ,3 1835 02 1935 02 
1537 02 1637 .2 1737 ,2 1837 d 1937 02 
1539 02 1639 02 1739 02 1839 02 1939 02 
1541 ,2 1641 ,2 1741 d 1841 4 a5 1941 d 
1543 3 ,2 1643 '" 1743 ,2 1843 02 1943 02 1545 02 1645 02 1745 02 1845 02 1945 02 
1547 02 1647 02 1747 3 m2 1847 3 m2 1947 02 
1549 wk 1649 02 1749 02 1849 02 1949 4 ,2 
1551 ,2 1651 ,3 1751 4 02 1851 02 1951 y2 
1553 ,2 1653 02 1753 wi 1853 ,2 1953 02 
1555 ,3 1655 ,2 1755 ,2 1855 02 1955 02 
1557 02 1657 t1 1757 ,2 1857 02 1957 4 02 
1559 • .2 1659 02 1759 ,3 1859 02 1959 ,3 
1561 d 1661 • 02 1761 ,2 1861 ,. 1961 02 
1563 02 1663 3 m2 1763 02 1863 ,2 1963 ,7 
1565 02 1665 ,2 1765 02 1865 ,2 1965 t1 
1567 19 ~ 1667 3 m2 1767 02 1867 ,3 1967 .2 
1569 t1 1669 p2 1769 02 1869 02 1969 10 a5 
1571 18 ~ 1671 02 1771 02 1871 3 m2 1971 ,2 
1573 02 1673 ,2 1773 02 1873 wk 1973 ml 
1575 ,2 1675 02 1775 02 1875 .2 1975 02 
1577 02 1677 02 1777 wi 1877 ,2 1977 .2 
1579 5 .2 1679 02 1779 02 1879 3 ,2 1979 4 ,2 
1581 ,2 1681 02 1781 02 1881 ,2 1981 5 ,2 
1583 3 m2 1683 02 1783 18 ~ 1883 3 w#r 1983 02 
1585 02 1685 02 1785 02 1885 02 1985 02 
1587 02 1687 02 1787 3 m2 1887 ,2 1987 16 ~ 
1589 4 ,2 1689 3 ,6 1789 p2 1889 ml 1989 02 
1591 02 1691 ,2 1791 02 1891 02 1991 ,2 
1593 02 1693 wi 1793 4 ,2 1893 4 ,6 1993 wi 
1595 ,2 1695 ,2 1795 6 a5 1895 02 1995 02 
1597 wk 1697 wi 1797 '" 1897 02 1997 wk 1599 02 1699 3 ,2 1799 02 1899 02 1999 y2 
Existence of Hadamard Matrices 
